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Abstract

In the numerical modeling of 
uid 
ow and transport problems frequently the ve-
locity �eld needs to be projected from one �nite dimensional space into another.

In certain applications, especially those involving modeling of multi-species trans-
port, the new projected velocity �eld should be accurate as well as locally mass

conservative.

In this paper, a velocity projection method has been developed that is both accu-
rate and mass conservative element-by-element on the projected grid. The velocity

correction is expressed as gradient of a scalar pressure �eld, and the resultant Pois-
son equation is solved using a mixed/hybrid �nite element method and lowest-order

Raviart Thomas spaces. The conservative projection method is applied to the sys-
tem of shallow water equations and a theoretical error estimate is derived.

1 Introduction

In the numerical modeling of 
uid 
ow and transport problems, the computed
velocity �eld frequently needs to be projected from one �nite dimensional sub-
space into another, possibly to satisfy some constraint or because the underly-
ing mesh has changed. For example, in Lagrangian-based numerical modeling
of free boundary problems, to avoid mesh distortions the numerical mesh is
regenerated once every few time steps, and in such situations the velocity �eld
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has to be projected from the old grid onto the new grid. Other important appli-
cations where the velocity �eld may need to be projected are in the modeling
of environmental surface and subsurface 
ow and transport problems. In these
problems, the 
ow and transport equations arise from conservation of mass
(plus some additional equations such as Darcy's Law or the Navier-Stokes
equations). The 
ow and multi-species transport are often solved separately
using completely di�erent numerical methods and grids due to di�erences in
length and time scales of the phenomena involved. For accurate transport, it
is desirable for the velocities to be locally conservative on the transport grid.
This can be accomplished through the projection algorithm described below.

A particular example on which we will focus is the modeling of surface 
ow.
Here the 
ow model is described by the shallow water equations. The ADCIRC
(an advanced circulation model for shelves, coasts and estuaries) (Lynch and
Gray, 1979; Luettich, Westerink and Sche�ner, 1991) and RMA codes (King
and Norton, 1978) are examples of widely used shallow water hydrodynam-
ics models. Both models are based on Galerkin-type �nite element methods
and unstructured triangular grids. The velocities computed with these models
can serve as input to a multi-species transport model. For example, the CE-
QUAL-ICM (Cerco and Cole, 1996) simulator is a widely used water quality
model. It uses unstructured quadrilateral grids and �nite volume type dis-
cretization. All of these codes are utilized by U.S. Army Corps of Engineers
at the Waterways Experiment Station in Vicksburg, Mississippi, and other
state and federal agencies in modeling environmental quality of shallow water
systems. Therefore, there is a need to couple these hydrodynamic and water
quality models and to perform a projection to produce a locally conservative
velocity �eld on the transport grid.

In this paper we present an approach which we call the conservative velocity

projection method, which projects a computed velocity �eld from one �nite
dimensional space into another in an accurate and element-by-element mass
conservative manner. In particular, we will focus on a projection algorithm
based on the mixed/hybrid �nite element method. This method is well-suited
for computing locally conservative velocity �elds.

In x2, the mathematical aspects of hydrodynamics and environmental mod-
eling are brie
y discussed. The conservative projection method and the
mixed/hybrid �nite element method are outlined in x3. An error estimate
for the accuracy of the projected velocity �eld is derived in x4. The applica-
tion of the projection method to the shallow water equations modeled using
the ADCIRC code is presented in x5. Finally, in x6, we conclude with some
remarks and future research possibilities.



2 Flow and Transport Modeling

The most general form of the conservation of mass equation is given by:

@�

@t
+r�U = q: (1)

In the above equation, � is the the 
uid density, u is the velocity vector �eld,
U = �u, r is the spatial gradient operator and q represents the sources
and sinks that may be present in the 
ow domain. In most hydrodynamics
situations the 
uid 
ow is incompressible and the mass conservation equation
simpli�es to:

r�u = q: (2)

We present the projection method for a 
uid 
ow system with conservation
of mass of the form given by Eq.1, but the procedure and analysis carries
forward in a straight forward manner to the case of incompressible 
ows also.
Further, in the case of shallow water systems, even though the 
uid 
ow
is governed by the 3-D incompressible Navier-Stokes equations, after depth-
averaging we obtain a mathematical system which is compressible in nature
with conservation of mass equation of the form given by Eq.1 and the 
uid
depth H playing the role of density.

The 
uid 
ow mathematical model typically consists of a mass conservation
equation given by either Eq.1 or Eq.2 and a momentum conservation law.
Several forms of momentum conservation laws are used depending on the

ow situations. In high-speed aerodynamic 
ows compressible Navier-Stokes
equations are used whereas in the case of low speed hydraulic 
ows the in-
compressible Navier-Stokes equations are solved. In the case of 
ow through
porous media the velocity �eld is determined using Darcy's law. In certain

ow problems the energy equation and an equation of state may also have
to be solved simultaneously along with the mass and momentum equations.
The actual form of the 
uid 
ow model itself is not important since in this
paper we are only interested in post-processing a given 
uid 
ow �eld so that
it is locally mass-conservative on the same grid or on an entirely new grid.
As proof-of-concept, we apply the conservative velocity projection method to
the 
uid 
ow governed by the system of shallow water equations and this
hydrodynamics model is described in detail in x5.

We assume that we have a hydrodynamics model governing the 
uid 
ow
consisting of a mass conservation law (Eq.1) and a momentum conservation
law and any other equations that may be necessary to compute the 
ow �eld.



This system is numerically solved using any of the existing �nite di�erence,
�nite element and �nite volume type numerical schemes.

The multi-species transport model consists of a system of advection-di�usion-
reaction type transport equations of the following form:
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+r�

�
�uci
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�
Dirci
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+ qci + Ri; i = 1 � � �N; (3)

where ci is the concentration per unit mass of species i, Ri is a reaction-type
source function and Di is the di�usion coe�cient. The primary in
uence of
the 
ow �eld is in the advective transport of the concentration species. In
case of turbulent 
uid 
ows the velocity �eld can also in
uence the di�usion
coe�cient Di. Here we are assuming passive scalar transport and that the
concentration �eld doesn't a�ect the 
uid 
ow. If this is not the case then
we need to solve the hydrodynamics and concentration equations together
preferably on the same grids.

In the numerical solution of the concentration equations it is important that
the velocity �eld be mass conservative cell-by-cell. This can be seen more
clearly if we rewrite the transport equation (Eq.3) in the following way:

�

 
@ci
@t

+ u�rci �
1

�
r�

�
Dirci

�
�

1

�
Ri

!
+ ci

 
@�

@t
+r� (�u) � q

!
= 0: (4)

The mass conservation equation is present in the species transport equation
(Eq.3), and if we do not have local mass conservation it amounts to adding
spurious sources and sinks. This could give rise to numerical instabilities,
especially if we are interested in integrating the equations over long periods of
time. Also, in some applications the concentrations are very small (of the order
of 10�6) and small errors in mass conservation can have signi�cant in
uence on
the accuracy and stability of the system. Thus, it is important for the velocity
�eld to be cell-by-cell mass conservative in the multi-species transport studies.

3 Conservative Projection Formulation

Let 
 2 Rn, n = 2 or 3, be the physical domain and @
 the external boundary
of this domain. Further, let @
1 be the boundary on which we have Dirichlet
boundary conditions on the normal velocity expressed as:

U�� = g on @
1; (5)



where � is the outward pointing unit normal vector at the boundary. Let ho be
the mesh parameter of the old grid and hn be the mesh parameter of the new
grid. Further, let �Vho and Vhn be �nite dimensional subspaces corresponding
to the old and new meshes. GivenUho 2 �Vho the problem is to �ndUhn 2 Vhn

such that Uhn is a close approximation of Uho and that Uhn \satis�es" the
mass conservation law given by:

r�Uhn = q � @�

@t
= f in 
; and

Uhn � � = g on @
1:
(6)

The new velocity Uhn is expressed in terms of the old velocity Uho in the
following manner:

Uhn = PhnUho + �hn 2 Vhn ; (7)

where PhnUho is the L
2 projection of the old velocityUho into Vhn and �hn 2

Vhn is the velocity correction which we need to compute. Substituting Eq.7
into Eq.6 we obtain the following boundary value problem:

r��hn = f�r�PhnUho =~f in 
; and

�hn �� = g �PhnUho �� = ~g on @
1:
(8)

Further, we express �hn as the gradient of a scalar function in the following
manner:

�hn = �r�hn : (9)

The scalar variable �hn can be thought of as a pseudo-pressure. This type of
representation implies that the vorticity of the new velocity �eld Uhn is same
as that of the old velocity �eld PhnUho and the velocity correction �hn helps us
obtain local mass conservation without changing the vorticity of the velocity
�eld. Substituting Eq.9 into Eq.8 we obtain the following elliptic problem:

�4�hn =~f on 
;

�r�h�� = ~g on @
1; and

�hn = 0 on @
=@
1:

(10)

The elliptic problem given by Eq.10 is solved using the mixed/hybrid �-
nite element method which approximates both 
uxes (�) and pressures (�).
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Fig. 1. Piece-wise approximations on a triangular element using lowest-order
Raviart-Thomas spaces.

In addition, the 
uxes ��� = �r��� are continuous across the edges and
the resulting numerical solution satis�es mass conservation cell-by-cell. The
mixed/hybrid �nite element approximation of the elliptic problem (Eq.10) to-
gether with velocity relations (Eqs.7 and 9) represent the conservative velocity

projection formulation.

On the new grid, the elliptic problem is approximated using triangular ele-
ments and lowest-order Raviart-Thomas spaces which are written as follows
for a given triangular element E (see Fig.1):

Whn(E) = fa 2 R on Eg ; and (11)

Vhn(E) =

0
B@�+ �x


 + �y

1
CA ; �; �; 
 2 R; (x; y) 2 E: (12)

The �nite dimensional scalar and vector spaces on the new grid are de�ned
as:

Whn =
n
w 2 L2(
) : wjE 2Whn(E)8E

o
(13)

Vhn =
n
v 2 L2(
) : vjE 2 Vhn(E)8E

o
(14)

In the mixed/hybrid �nite element method the second-order elliptic problem
is written as a �rst-order system and we compute (�hn ; �hn) 2 (Vhn;Whn)
from:

(�hn ;vhn)� (�hn;r�vhn) = 0 8 vhn 2 Vhn

(r��hn ; whn) =
�
~f; whn

�
8 whn 2 Whn

< �hn ��;vhn �� >=< ~g;vhn �� > 8 vhn 2 Vhn

(15)



In the above weak formulation, (�; �) and < �; � > are the the usual inner prod-
ucts on the domain 
 and the boundary @
, respectively. We refer the reader
to Raviart and Thomas (1977) and Brezzi and Fortin (1991) for more infor-
mation on the mixed/hybrid �nite element method and their implementation
details.

4 Theoretical Error Estimate

The L2 projection of Uho into Vhn is de�ned by

((Uho �PhnUho);vhn) = 0; 8vhn 2 Vhn :

Also, the �hn -projection of U into Vhn is de�ned by

(r � (U��hnU); whn) = 0; 8whn 2 Whn :

Theorem 4.1 Given Uho ;Uhn, 9 a constant C independent of hn; ho;U such

that

jjUhn �Ujj �C (jj�hnU�Ujj+ jjUho �Ujj) : (16)

Proof: First, write Eq.7 in weak form to get

(Uhn;vhn) = (PhnUho ;vhn) + (�hn;vhn) ; 8vhn 2 Vhn: (17)

Subtract (U;vhn) from both sides of Eq.17 and use the de�nition of the L2

projection to get

(Uhn �U;vhn) = (Uho �U;vhn) + (�hn ;vhn) ; 8vhn 2 Vhn : (18)

By choosing vhn = Uhn ��hnU; we can reduce to zero the second term in
the right hand side of Eq.18. This is accomplished by using our chosen test
function in the �rst relation of Eq.15, together with the de�nition of the �hn

projection and the fact that the mass conservation equation is satis�ed by
both the true velocity U and the new velocity Uhn .

Finally, manipulate

(Uhn �U; (Uhn �U)� (�hnU�U))

= (Uho �U; (Uhn �U)� (�hnU �U))



using Cauchy-Schwartz and the arithmetic-geometric-mean inequality,

ab �
1

4�
a2 + �b2; � > 0;

to obtain the result of the theorem. 2

The elegance of the estimate comes from the observation that it reduces to an
approximation theory question given an estimate for the di�erence between
Uho and the true velocity U:

For example, using the lowest-order Raviart-Thomas space in computing Uhn

(Raviart and Thomas, 1977; Brezzi and Fortin, 1991) and using, say, the AD-
CIRC model to compute Uho (Chippada, Dawson, Mart��nez and Wheeler,
1995), then jjUhn �Ujj � Ch:

5 Application: Shallow Water Equations

The projection formulation developed in x3 is applied to the system of shal-
low water equations. Shallow water equations (SWE) are obtained through
the vertical integration of the 3-D incompressible Navier-Stokes along with
assumptions of hydrostatic pressure and vertically uniform velocity pro�les
(Weiyan, 1992). Due to the assumptions made in their derivation, SWE are
valid only for 
ow systems with horizontal length scales much larger com-
pared to the 
uid depth. A typical shallow water system is shown in Fig.2.
The conservation of mass in the system of shallow water equations is given
by:

L �
@�

@t
+r� (uH) = 0: (19)

The non-conservative form of the momentum equation is as follows:

M�
@u

@t
+ u�ru+ gr� �

1

H
r� [H�] + �bfu+ fck� u� fb = 0: (20)

In the above system, � is the de
ection of the air-water interface from the
mean sea level (see Fig.3), H = � + hb is the total 
uid depth and hb is the
bathymetric depth. The velocity �eld is denoted by u and is the mean velocity
across the vertical.U = uH is the total 
ow rate (discharge) and �bf and fc are
respectively the bottom friction and Coriolis acceleration coe�cients; � is the
viscous stress tensor and is neglected in most applications since the bottom
friction terms dominate the lateral di�usion and dispersion. Several types of
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Fig. 3. De�nition of �, hb and H.

body forces act on the system including the wind stress, atmospheric pressure
gradient and tidal potential forces and all of these are lumped into the generic
body force term fb. The conservative form of the momentum equation can be
derived from Eqs.19 and 20 in the following manner:

Mc � HM+ uL = 0 (21)

A variety of numerical methods have been developed to solve the system of
shallow water equations. Due to the strong coupling between the velocity and
elevation �elds, if the numerical method is not chosen properly, we could run
into the problem of spurious spatial oscillations. Gray, Westerink, Luettich,
Kinnmark, Kolar and others [7,8] have developed over the years a numeri-
cal procedure (code) called ADCIRC. They replace the �rst-order mass con-
servation equation (Eq.19) with a second-order generalized wave continuity



equation (GWCE) which is given by:

G �
@L

@t
�r�Mc + �0L = 0 (22)

The resulting form of the GWCE is:

@2�

@t2
+ �0

@�

@t
+r� [(�0 � �bf )Hu]

�r� [r� (Huu) +Hfck� u+ gHr� �r� [H�]�Hfb] = 0 (23)

In the above equation, �0 is a numerical parameter which is chosen based
on stability and accuracy criteria and is usually 1 � 10 times the bottom
friction coe�cient �bf (Kolar, Gray and Westerink, 1996). The GWCE (Eq.23)
along with the non-conservative momentum equation (Eq.20) is solved using
the Galerkin �nite element method and linear triangular elements. The main
advantage of this method is that it lets us choose the same approximating
spaces for both the velocities and pressure without giving rise to spurious
spatial oscillations. Thus, this approach is numerically very e�cient and has
been used extensively in the study of many shallow water systems and is
one of the hydrodynamics code used by the US Army Corps of Engineers
at the Waterways Experiment Station, Vicksburg, Mississippi. The velocity
�eld obtained from this numerical approach is globally mass conservative but
mass conservation on the local numerical cell is not guaranteed. We apply the
projection formulation outlined in x3 to postprocess this velocity �eld so that
the resulting velocity �eld is mass conservative cell-by-cell. For simplicity, we
assume that the transport grid is same as the hydrodynamics grid.

The physical problem simulated is tidal waves in Galveston Bay. The numerical
grid and bathymetry are shown in Figs.4 and 5.

The physical geometry is very complex and there are large variations in the
bathymetric depth near the Houston shipping channel. The system is driven by
tidal waves which come from the open sea. We start with zero initial elevation
de
ections and velocity �elds, and slowly apply the forcing functions through
the use of a hyperbolic tangent ramp function over a period of two days. The
simulation is run for twelve days and the elevation distribution and the dis-
charge U = uH at the end of twelve days are shown in Fig.6. The local mass
conservation errors are computed on each cell and are plotted in Fig.7. Notice
that we have maximum mass conservation errors occurring near and within
the Houston Ship Channel as well as near the other inlets. The old velocity
�eld coming from the ADCIRC code are post-processed using the conserva-
tive projection formulation described in x3. The resultant pseudo-pressure �
and correction velocity � are shown in Fig.8. The velocity corrections are
signi�cant in the areas of maximum mass conservation errors.
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6 Concluding Remarks and Future Work

A conservative velocity projection scheme that projects the velocity �eld from
one grid onto another in an accurate and locally mass conservative manner
has been de�ned. A theoretical error estimate of the conservative projection
formulation has been derived and numerical results pertaining to the system of
shallow water equations have been presented. The procedure proposed in this
paper is very general and extends readily to 3-D and other general elements.
Another advantage of this procedure is that it can be applied only in regions
of large mass conservation errors thus giving great computational e�ciency.

In the future, we are looking at coupling 3-D ADCIRC velocities with CE-
QUAL-ICM. We also plan to investigate the application of this approach to
non-matching grids.
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